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Section I: Answer all and each question is worth 2 Marks Total Marks 6

1. Let a and b be two points in a metric space X such that a 6= b. Prove that
there is a δ > 0 such that Nδ(a) ∩Nδ(b) = ∅.

2. Prove that compact subset of a metric space is bounded.

3. Let g:Rn → R be g(x) = f(x) ·u for x ∈ Rn where f :Rn → Rm is differentiable
and u ∈ Rm. Then prove that g′(x)(h) = f ′(x)(h) · u for x, h ∈ Rn.

Section II: Answer any 4 and each question is worth 6 Marks Total
Marks 24

1. Let E be a subset of a metric space X. Show that x ∈ E ′ if and only if there is
a sequence (xn) in E \ {x} such that xn → x.

2. If f : [a, b] → R is a continuous function, then prove that f ∈ R[a, b].

3. Assume that f ∈ R[a, b], f ≥ 0 and
∫ b

a
f = 0. Is f = 0? justify your answer. If

further f is continuous on [a, b], prove that f = 0.

4. Suppose f ∈ R[a, b] and φ is continuous on R. Then show that φ¯ f ∈ R[a, b].

5. Let f :R2 → R has partial derivatives D1f and D2f on R2. If for each x ∈ R2,
there is a ηx > 0 such that D1f and D2f are bounded in Nηx(x), then prove
that f is continuous on R2.

6. (a) Let E be a convex open subset of Rn and f : E → Rm be a differentiable
function with bounded derivative. Then prove that there is a M > 0 such that
||f(x)− f(y)|| ≤ M ||x− y|| for all x, y ∈ E .

(b) If E is a connected open subset of Rn and f : E → Rm is a differentiable
function with f ′(x) = 0 for all x ∈ E, then prove that f is constant on E.
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Section III: Answer any 2 and each question is worth 10 Marks Total
Marks 20

1. (a) Let (X, d) be a metric space and (an) and (bn) be Cauchy sequences in X.
Prove that {an | n ≥ 1} is bounded and (d(an, bn)) converges in R.

(b) Let X be a metric space and x ∈ X. Prove that x ∈ X ′ if and only if
X \ x = X.

2. (a) Let f ∈ R[a, b] and ε > 0. Prove that there is a continuous function g on

[a, b] such that
∫ b

a
|f − g| < ε.

(b) Let f ∈ R[a, b] and F be a differentiable function on [a, b] such that F ′ = f .

Then prove that
∫ b

a
f = F (b)− F (a).

3. Let E be an open subset of Rn and f : E → Rm be a differentiable function. For
1 ≤ i ≤ m, fi: E → R is such that f(x) = (f1(x), · · · , fm(x)) for all x ∈ E.

(a) Prove that Djfi exists at x and f ′(x)(ej) =
∑m

i=1 Djfi(x)ui for x ∈ E.

(b) Let E = R and f have second order partial derivatives on E. If ||f(t)|| = |t|
and ||f ′(t)|| = 1 for all t ∈ R, prove that for t ∈ R, f (2)(t) · f(t) = 0 where
f (2)(t) = (D11f1(t), · · · , D11fm(t)).
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